Supplementary Information is given for the report on 'Electron momentum densities near Dirac cones : Anisotropic Umklapp scattering and momentum broadening'. The details for computations on the nearly free electron model, experiments of Compton scattering, and calculations upon band theory are described.
where R runs over the positions of atoms forming the crystal. In the present study, we restrict ourselves to the cases of U(r) possessing the same spatial periodicity as that of the crystal. This means that U(r) can be expressed as: U(r) = ∑ G U G exp(iG · r), where G's are the reciprocal lattice vectors. As far as the potential is weak, we may regard the potential U(r) as a perturbation to free electrons. The energy and wave functions of the unperturbed free electrons are parabolic and plane-wave functions respectively:
and ψ (0)
where m is the mass of the free electron, k is wave vector. To the lowest order in U G , the wave functions of perturbed states can be expanded using the unperturbed plane waves as
As found in standard textbooks on solid state physics 1, 2 , the coefficients C k+G,k 's and perturbed electron energy E k can be determined by the secular equation: Each solution of equation (5) is characterized by band index n as E nk and C k+G,nk . We determine the wave function and electron energy by solving the above secular equation numerically at each wave vector k. For numerical calculations, we take 545 G's, which are sufficient for precise determination of the lowest-energy bands. For the atomic Coulomb potential U atom (r), we assume a muffin-tin shape with cutoffs:
We control the strength of the potential by the charge number Z at each atom site. For carbon sites forming the honeycomb network, we take r min = 0.25 (Å) and r max = 0.7 (Å) (see Fig.S1 ). The two lowest-energy bands obtained by this way agree well with the π-bands by the first-principles electronic structure calculation. We can open the energy gap at the K points by introducing impurity atoms and breaking the crystalline inversion symmetry, as demonstrated in the text. For impurity sites, we take r min = 0.2 (Å) and r max = 0.4 (Å). The electron momentum density (EMD) is defined by
where E F is the Fermi energy 3 . The Heaviside step function θ has been inserted for the sake of explicitness. To calculate ρ(p) in equation (6), the reduced-zone scheme is more convenient. By substituting equation (4) into equation (6) and replacing the summation in k with that in band index n and reduced momentumk, we have finally
wherep is the reduced momentum for p.
Dependence on impurity positions
A break of the symmetry due to impurity potentials easily makes a nearly isotropic energy gap and an isotropic momentum broadening. Although this is an artificial procedure, it is interesting to see the dependence on the impurity positions. First, we start the discussion with the case of no impurity [ Fig.S2(a) ]. This is same to the one in the main article. The anisotropic momentum broadening is exhibited: A sharp drop of the momentum density at the Dirac points or the K/K' points while a smooth fall at others are clearly seen. Shifting the impurities along the x-axis to a small extent, the system transits to an insulator almost isotropic gap and the momentum broadening are recognized. Another interesting case appears when the impurities center at the hexagons with the carbon atoms [ Fig.S2(e) ]. Since the symmetry is the same to that in graphene, very similar band structures are obtained despite additional potentials. At the same time, the characteristic feature at K/K' points in the momentum density reappears, rendering the strikingly anisotropic broadening.
Experimental/Theoretical Compton profiles
An energy spectrum of Compton scattered x-rays has a broad feature, representing the distribution of electron momentum densities (EMDs) ρ(p) in the scatterer 3, 4 . Within the impulse approximation 5, 6 , the observable quantity is the double integral of the EMDs projected onto the scattering vector, i.e., Compton profile J(p z );
Here p z is taken as an electron momentum component parallel to the scattering vector q, associated with the scattered photon energy ε with the following equation :
Here, ε o is the incident photon energy,h the Plank constant, and m the electron rest mass. The original ρ(p) is restored by a tomographic reconstruction from dozens of Compton profiles measured on different axes. What we attempted in this study is 
Note that the scattering vectors are now on the p x -p y plane and thus they are orthogonal to p z , unlike in the equation (9) . The advantage of this approach is that only several Compton profiles are necessary for the reconstruction and the computing efforts and artifacts are much less, compared to the full (3D) reconstruction. Although there remains one integral but this approach nicely works for 2D systems just like graphite. The details of the procedure are described in the earlier reports. [7] [8] [9] The experiment was performed at the Taiwan IXS beamline at SPring-8 (BL12XU). With a Si(111) double crystal monochromator and a Si(660) bent Laue spectrometer 10 , we had a 5 eV resolution at 25.54 keV (ε o ), which corresponds to 0.030Å −1 or 0.016 atomic units (a.u.) momentum resolution. The scattering angle was 150 • . A vertical slit was installed between the sample and the analyzer, (10-mm wide, 750mm away from the sample). This finite width make the angular uncertainty of 0.013 rad, leading to an additional broadening of 0.049Å −1 (0.026 a.u.). The total resolution in instrumentation was 0.057Å −1 (0.030 a.u.). The impulse approximation, in which any core/valence hole effect is neglected to obtain equation (8), is not entirely fulfilled if the x-ray energy ε o is low or the momentum transfer q is small. This final state effect also leads to a broadening effect. 11 We examined this effect on isotropic systems, Na and Li, and found out a 3-4 eV broadening, which corresponds to ∼0.02Å(0.01 a.u.).
The sample was a single crystal of graphite (Kish graphite), having a size of 4-mm in height, 2-mm in width, and 0.1-mm in thickness. We measured five Compton profiles between Γ-M and Γ-K directions (see Fig.S3 ). Approximately 50 000 counts were accumulated at the peak of each profile for an exposure time of 12 hours. They were corrected for the scattering cross section, the efficiency of the spectrometer, the self and air absorption, and the multiple scattering events. They were then normalized with an electron number and folded at p z =0 in order to make the final forms of the Compton profiles. Finally the core (1s) contribution were subtracted before the reconstruction. Figure S3 displays the experimental Compton profiles along with theory.
Theoretical Compton profiles of graphite were calculated based on a first-principles band theory. The BANDS code available in BL08W at SPring-8 was used. The crystal symmetry was D 4 6h (No.194). The lattice parameters were 2.464Å and 6.711Å for the aand c-axes, respectively. The muffin-tin (MT) radius was 0.70Å (1.32 a.u.). The formula by Vosko, Wilk, and Nusair were used for local density approximation (LDA) 12 . The full-potential linearized augmented-plane-wave (FLAPW) method was used for the description of the electron wavefunctions. The angular momentum expansion is truncated at max = 7, for the wavefunctions, and at 6 for the charge density and the potential. We sampled 57 k-points in the irreducible Brillouin zone. The obtained band structure was confirmed to be identical with that in an earlier report. 13 For a precise comparison with experiment, we first calculated five Compton profiles along the axes on which the experiments were done. The 2D-EMDs were then reconstructed from them by the exactly same procedure as the experiment.
